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Diameter Bounds for Locally Partial Geometries 
A. DEL FRA AND D. GHINELLI 
We obtain a new upper bound d1 = [s /2]- a+ 3 for the diameter L1 of a locally partial 
geometry LpG,.(r, s, t) of order (r, s, t) with a;;;. 2 (see [10] for a= r = 1). This is attained by 
an infinite family of LpG2(1, s, 1), say Ds+2 (see example 1.1). Furthermore, other upper 
bounds for L1 are obtained, which are often better than the previous one. 
1. INTRODUCfiON 
We want to consider residually connected Buekhenhout geometries satisfying the 
Intersection Property (IP) of [2] and belonging to the rank 3 diagram 
L pGa. 
0 0 0 
Points Lines Planes 
where the symbols 
L pGa. 
0 0 and 0 0 
denote the classes of linear spaces and partial geometries (see Bose [1]), respectively. 
We call any geometry for this diagram a locally partial geometry with parameter a 
(briefly LpGa)· 
We recall that a partial geometry of order (s, t) and parameter a (briefly pGa(s, t)) is 
an incidence structure with s + 1 points on a line, t + 1lines on a point and two points 
on at most one line, such that for all antiflags (P, l) the antiflag number (i.e. the 
number of points in l collinear with P) is a constant a* 0. 
Clearly, linear spaces, or 2-designs with parameters 2- (r(s + 1) + 1, r + 1, 1) (see 
[19) for the definition) are pG,+1(r, s), and hence have diagram 
pG r+1 L 
0 o=o----o 
r s r s 
Circle geometries, which are the trivial 2-designs for (v, 2, 1), are pG2(1, s). Thus they 
have diagram 
pG2 
o---~o =o---~o= o-----o 
c L 
s s s 
When a= 1 a pG1(s, t) is a Generalized Quadrangle (GQ) of order (s, t) (see [21]), 
and we use the diagram 
s 
As parameters are implicit in the notion of partial geometry, all LpG geometries admit 
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parameters (r, s, t) 
L pG 
o~----~o~~-----o 
r s t 
and we shall speak of a LpG geometry of order (r, s, t). 
Residues of points of a LpG need not have the same parameter a, as it appears from 
example 1.1 of [11]. However, in the present paper we always assume a to be the same 
in every residue. 
As usual in the literature, when r = 1 (i.e. the first stroke denotes a circle geometry) 
we shall speak of Extended partial Geometries (EpGs) (see [15], [14], [16], [9], [17], 
[8]) or, when a= 1, of Extended Generalized Quadrangles (EGQs) (see [22], [4], [6], 
[7], [10], for instance). 
In Section 2 we first recall some of the results we shall need on pointsets of partial 
geometries (see Section 2.A), referring to [5] for the proof (see also [13] for the case 
a= 1). Then we give some simple new general results on LpGs, which seem 
interesting, even if some of them are not strictly related with our main topic (see 
Section 2.B). We conclude Section 2 giving in 2.C examples of LpG"'(r, s, t) 
geometries. 
To illustrate our main results, which are in Section 3, we need some notation. 
Let 9' be a LpG"'. We shall denote by (1!/J, .2, ~)the sets of points, lines and planes 
(or blocks) of 9', respectively. The distance between two points, and the diameter L1 of 
9' are naturally defined in the point graph T(9'). The distance d(P, x) (or d(P, I)) of a 
point P from a plane x (or from a line /) is defined to be the minimum distance between 
P and the points of x (or/, respectively). 
Given a point P and a plane y at distance 1 we use q;(P, y) to indicate the number of 
points on y which are adjacent (or collinear) with P. The index q; of 9' is defined as the 
minimum 
q; =min{ q;(P, y) I P E 1!/J, y E ~. d(P, y) = 1}. (1) 
If q;(P, y) = q; for every (P, y) with d(P, y) = 1 of 9', then 9' is said to be q;-uniform. 
In [10] we proved various upper bounds for the diameter of an extended generalized 
quadrangle depending on the order (s, t), on the index q; and on the nexus Jl, defined 
by 
Jl = min{l9'p n 9'QIIP, Q E 1!/J, d(P, Q) = 2}, (2) 
where 9'E denotes, as usual, the residue of the element E of 9'. 
In this paper (see Section 3) we use similar techniques to obtain that if a~ 2 the 
diameter of an LpGcx(r, s, t) with index q; satisfies 
L1,;;; max{2, min{d1, d2 , d3 , d4 } }, (3) 
where 
d 1 = d 1(s, a)=[~]- a+ 3, (4) 
[rs-2q;J d2 = d2(r, s, q;) = + 4, 
r+1 
(5) 
[s-r-a] d3 = d3(r, s, a)= 2 + 3, (6) 
[rs- q;J d4 =d4(r,s, q;)= - -r+4. 
r+1 (7) 
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We also obtain that if a;;;:. 2, then 
L1 ~ max{3, min{d5 , d6 } }, (8) 
where 
[
t(s + 1) + 4(s- a)] 
d5 = d5(s, t, a)= 4(t + 1) -a+ 4, (9) 
d _ d ( ) _ [r(t(s + 1) + 4(s + t + 1- a))_ 2q; J 
6- 6 r, s, t, a, q; - 2(r + 1)(t + 1) r + 1 + 4. (10) 
This is not just a generalization of the results in [10], since the values obtained in (3) 
and (8) are nearly half of the values one would obtain with a straightforward 
generalization. Furthermore, they greatly improve the bound given by Hughes in [18]. 
In the last part of Section 3 (see Theorem 3.13) we give the diameter bounds in the 
case a= 1 of locally generalized quadrangles, which can be obtained with the same 
techniques (see also [10] for a= r = 1, or [20]). 
In Section 4 we examine in some detail our bounds for the diameter of an extended 
partial geometry of order (s, t) (i.e. in the case r = 1). 
We conclude by giving an example of LpGa attaining the bound given by (3). 
EXAMPLE 1.1. Consider the set of ordered (s + 2)-tuples of two symbols, say 0 and 
1. Define a geometry ~s+2 as follows: points of ~s+2 are the (s + 2)-tuples with an even 
number of zeros, blocks (or planes) are the (s + 2)-tuples with an odd number of zeros. 
A point is incident with a block if the corresponding (s + 2)-tuples differ in just one 
position. Lines are the pair of points which lie in a common block. Clearly ~s+2 is a 
LpG2(1, s, 1) = EpG2(s, 1) with index q; =a+ 1 = 3 and diameter L1 = [s/2]- q; + 4 = 
[s/2] + 1. 
This example can also be described in the following more abstract way. Consider the 
truncation of the Coxeter complex of type Ds+2 obtained choosing points and blocks as 
shown in the following diagram: 
Points> -------o -o 
Blocks 
We note that this construction is in some sense analogous to the description of the 
Johnson geometry (see [6], [8]) by truncation of a Coxeter complex of type A2s+ 1 : 
Blocks o----o-------~ o ~-------tr------< 
Points (central node of the diagram) 
Some results aiming to a classification of EpGas with a;;;:. 2 and diameter L1 = d 1 > 3, 
will be given in [8] (see [6] for a classification of EGQs with maximum diameter). In [8] 
we prove, in particular, that if s is even an EpGa, say Y, with diameter L1 = 
[s/2]- q; + 4 > 3 necessarily has a= 2, s;;;:. 6 and t = 1; furthermore, if q; =a+ 1, then 
Y is isomorphic to ::tls+2 • If s is odd, the results in [8] give a= 2, 3, 4 and more 
possible cases for s and t are left. Still, the characterization given in [8] suggests the 
conjecture that ~s+2 is the unique example (apart from few sporadic cases, possibly). 
We observe that imitating the techniques used in [7] to find upper bounds for the 
number of points of an EGQ, it is possible to obtain upper bounds for the number of 
points of an LpGa(r, s, t) with r, a;;;:. 1. 
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2. PRELIMINARIES 
(A) Pointsets in Partial Geometries. Let K be a non-empty set of points of a finite 
pG,x(s, t), say Y. We denote by L +the set of lines meeting K (secant lines) and by L-
the set of lines disjoint from K (external lines). 
We consider the positive integer 
n = min 11+ n Kl. (1) 
f+eL + 
If 11+ n Kl = n for every 1+ E L +, then K is said to be a set of class (0, n ), or simply a 
(0, n)-set. When L- =0, (0, n)-sets are called n-ovoids (or simply ovoids, if n = 1). 
Bounds for the size k of K can be expressed in terms of s, t and n. 
PROPOSITION 2.A.l. With the above notation, 
n k ;;.: - [ ( n - 1 )t + a] = b 1 , 
a 
(2) 
where, if n * 1, equality holds iff the lines of Y induce on K a subgeometry pGa of order 
(n- 1, t). If L- = 0 the bound in (2) can be improved; namely, 
n k;;.:-(st+a), 
a 
and equality holds iff K is a n-ovoid. 
PROOF. See [5, theorem 1]. 
We remark that if n <a, then (2) can be improved as follows: 
k ;;.:n + t(n -1) 
(consider the points of K collinear with a fixed point on a secant line). 




PROPOSITION 2. A.2. Let K * 0 be a subset of points in a pGa(s, t) and let n be the 
minimum defined by (1). Then 
(s + 1) 
k;;.: -- [n(t + 1)- (s + t + 1- a)]= b2 , 
a 
(5) 
and equality holds iff K is a (0, n )-set and for every point P of the pGa(s, t) not in K the 
number e(P) of external lines on P is exactly (s + t + 1- a)/n (and n divides 
s + t + 1- a). 
PROOF. See in [5], Theorems 2 and 3 and Remark 3. 0 
REMARK 2.A.3. Comparing (2) and (5) we see that the lower bound b 1 given by (2) 




The two bounds are equal when n = s + 1 (i.e. K = Y') or n = (s + t + 1- a)/t. 
(6) 
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We conclude this part by proving a lemma which will be very useful in Section 3. 
LEMMA 2.A.4. Let I and I' be two lines of a pGa(s, t), say Y. If Cis a set of points 
on I -I', we define C' to be the set of points on I' which are collinear with points of C: 
(a) if In I'= 0, then IC'I ;;_, ICI; 
(b) iflnl'i=0and a>1, then IC'I;;_,ICI+l. 
PROOF. (a) Since I and/' do not meet, the number of lines in Y meeting I inC and 
I' in C' is exactly ICI a. Each point of C' is on at most a such lines, and so 
IC'I a;;_, ICI a; this yields (a) (see also (2.9) in [15]). 
(b) Let P =In/'. The number of lines, different from I, meeting I in C and /' in 
C'- {P} is ICI (a- 1). Since each point of C'- {P} is on at most a- 1 such lines, we 
obtain (IC'I-1)(a -1) ;;_, ICI (a -1) and so IC'I ;;_, ICI + 1. D 
DEFINITION 2.A.5. With the notation in the statement of Lemma 2.A.4, C' is said 
to be the projection of C onto C'. 
(B) Some Remarks on Locally Partial Geometries. Let Y be a locally partial geometry 
LpGa(r, s, t), with index q;. The next lemma easily follows from the definitions (see 
also [18]): 
LEMMA 2.B.l. In Y we have: 
(a) every point is incident with (s + 1)(1 + st/ a) lines, and thus is collinear with 
r(s + 1)(1 +st/a) points; 
(b) every point is on (t + 1)(1 + st/ a) planes; 
(c) .every plane contains rs + r + 1 points and (s + 1)[rs/(r + 1) + 1) lines; 
(d) each line contains r + 1 points and lies in t + 1 planes; 
(e) two distinct planes meet in 0, 1 common points or in a line (and so in r + 1 points); 
(f) given a point Panda plane x with d(P, x) = 1, on every point Q of x collinear with 
P there are exactly a lines of x coplanar with P. 
With the same notation as in (f) above, let Qi, j = 1, ... , q;(P, x) be the points on x 
collinear with P. If l;(Qi), where i = 1, ... , a are the a lines on Qi coplanar with P, 
then every point on a line l;(QJ is collinear with P. We denote by 4>p(x) the partial 
subspace of x consisting of all points Qi and all lines l;(Qi). Considering the pointsize of 
4>p(X) we obtain: 
LEMMA 2.B.2. The index q; of an LpGa(r, s, t) satisfies 
q;;;_,ar+l. (1) 
DEFINITION 2.B.3. An LpGa(r, s, t) is called triangular if for every triple of points 
P, Q, R pairwise collinear there is a plane (necessarily unique) containing P, Q, R. For 
an LpGa this is equivalent to being (ar + 1)-uniform (see [18]). 
We note that for triangular LpGas the partial subspace 4>p(x) is a linear subspace of 
x with parameters r, a- 1. Hence if Y is triangular r + 1 divides a( a- 1). 
The bound of Lemma 2.B.2 for q; can be improved when 1 <a~ r, as the next 
lemma shows (we thank the referee for suggesting this lemma). 
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LEMMA 2.B.4. If 1 <a~ r, then the index cp of a LpGa(r, s, t) satisfies 
cp ~ ar + 1 +(a -1)n(r- (a - 1~(n + 1)), 
where n = [r/(a -1)] is the integer part of r/(a -1). 
(2) 
PROOF. With the above notation, we want to count the points of x collinear with P 
on the lines l;(Qi). On the a lines l;(Q 1) we have ar + 1 such points. Set 
I= /1(Q 1) = {Q1 , Q2 , .•. , Q,+ 1}. Each of the a- 1 lines l;(Q2) =I= I has at most a- 1 
points in common with the pointset on the lines l;(Q1) =I= I; hence on the lines l;(Q2) we 





points collinear with P, where n is the maximum i such that r - ia + i ~ 0, so 
n = [r/(a -1)]. Now (2) follows by elementary computations. D 
REMARK. 2.B.5. As a consequence of Lemma 2.B.4, we deduce that an 
LpGa(r, s, t) with 1 <a~ r cannot be triangular. 
The following results for locally partial geometries are not strictly related to the rest 
of the paper but seem to us interesting enough to be mentioned. 
PROPOSITION 2.B.6. For every pair (P, y), P a point andy a plane with d(P, y) = 1, 
in an LpG"' with index cp, r + 1 divides acp(P, y) and thus r + 1 divides acp. 
PROOF. See (18]. D 
PROPOSITION 2.B.7. If Y is a cp-uniform LpGa(r, s, t), then a divides st(cp -1). 
PROOF. If P and Q are collinear points of Y, we denote by X the set of points 
collinear with P and Q but not on lines through P coplanar with Q. We will prove that 
st( cp- 1- ar) lXI= . 
a 
(1) 
Let x be a chosen plane on the line I= PQ. On every plane x' on P meeting x in a line 
different from I there are a lines coplanar with I and thus cp - ( ar + 1) points of X. 
Since on each of the s lines of x on P different from I there are t planes x' we have st 
such planes. This implies the desired result, because every point of X is on exactly a 
planes x'. D 
REMARK. 2.B.8. The above divisibility condition is trivial when a= t, s and, in 
general, if a divides st. When (a, st) = 1 however, it implies that a must divide cp - 1. 
Hence, if fl is not triangular (see 2.B.3), cp- 1 > ar, thus cp- 1 ~ (r + 1)a. If the 
diameter L1 of Y is greater than 1, cp is obviously smaller than the size r(s + 1) + 1 of a 
plane; therefore (r + 1)a ~ cp- 1 < r(s + 1). This implies 
r(s + 1) 
a< . (3) 
r+1 
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On the other side, a divides s + 1, since (a, st) = 1. Therefore 
a~{(s+1)/2 
(s + 1)/3 
if r > 1, 
if r = 1. 
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(C) Examples. Many examples of LpG"' geometries are known when r = 1 and a = 1, 
t, s, s + 1, t + 1: these are extended generalized quadrangles (see [4]), extended nets 
and extended dual nets (see [15]), Extended 2-designs with A.= 1 (see [19]) and 
extended dual designs (see [16]), respectively. In this section we give some examples 
with r > 1; other examples can be found in [18], for instance. 
ExAMPLE 2.C.l. Consider the truncation of a building of type Dn obtained choosing 
points lines and blocks as shown in the following diagram: 
o.---------<0>----~o-------o------a 
q q q 
This is a geometry belonging to the diagram 
L 
o~-----40>-------o 





where s = qn-2 + qn-3 + · · · + q, ..1 = [n/2], and L * of order (s, q) denotes the dual of 
a linear geometry of order (q, s). 
EXAMPLE 2.C.2. Let V be a hyperplane in an n-dimensional projective space 
PG(n, q) of order q, say U, and let W be a subspace of U of dimension (n- 3). The 
geometry of subspaces of U which neither meet W nor are contained in V is an 
LpGa(r, s, t) with 
r = s- 1 = q- 1, Cl' = s = q, t = sn-2 - 1 = qn-2 - 1. 
We call this geometry an Affine attenuated space of rank 3. Here the diameter is ..1 = 2 
(see [12] for further details and references). 
EXAMPLE 2.C.3. If we exclude from a 3-dimensional affine space AG(3, q) a point 
0 and all lines and planes on 0 or a direction oo and all lines and planes parallel to this 
direction, we obtain an LpG"' geometry of order (r, s, t) with 
a= r = t = q -1, s = r + 1 = q. 
Here the diameter is ..1 = 2. 
EXAMPLE 2.C.4. Let 1r = PG(2, q) be embedded as a plane of~= PG(3, q), and 
let Q be a pGa(q, t), embedded in :r. The points of~- :r, the lines and the planes of 
~ -:r meeting 1r in a point and a line of Q, respectively, define a LpG"' geometry of 
order (q -1, q, t) with diameter 2. 
EXAMPLE 2.C.5. Let Q = PG(2, q) be a Baer subplane of 1r = PG(2, q2) c ~ = 
PG(3, q2). We obtain an LpG"' geometry Y of order (r, s, t) with 
r=s = q, t= q2 -1, Cl' = q, 
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as follows: 'points' of Yare the planes of I meeting Q in a line, 'lines' of I are the 
lines of I - :rr meeting Q in a point, and 'planes' of Y are the points of I - :rr. 
ExAMPLE 2.C.6. Truncated projective geometries of rank:;?!: 3 and polar spaces of 
rank 3 are examples of LpGo: geometries of order (r, r, t) and a= r + 1, 1, 
respectively. Hughes proved in [18] that these are the triangular examples in the case 
r=s. 
3. DIAMETER BOUNDS 
Diameter bounds for an EGQ (i.e. a= r = 1) have been given in (10], and they can 
be generalized for LGQs (i.e. a= 1, r > 1), as we will show in Theorem 3.13 below. 
Hence, we may assume a:;?!: 2. This will allow us to obtain diameter bounds for an 
LpGo: (a:;?!: 2) which are better than those we would obtain simply generalizing the 
results in (10]. 
We note that all the results in this section do not use the Intersection Property 
assumed in the definition of LpG geometry. 
From now on, unless otherwise stated, Y =(~,It, ~) will be an LpGo:(r, s, t), with 
diameter L1, index q; and a:;?!: 2. For every point P in Y we denote by rP.; the set of 
points at distance i from P. 
As lines and planes incident with a given point P appear in the residue Yp, as points 
and lines, respectively, we will refer to them as 'points' and 'lines' of ::fp, where the 
quotation marks should avoid any confusion with points and lines of the geometry Y 
itself. 
LEMMA 3.1. If a:;?!: 2, given a point P and a plane x with d(P, x) = i, then on every 
point A; E FP.i n X we have (at /east) a+ 2(i- 1) lines of X consisting of points all in FP.i· 
Hence we have on x at least (a + 2(i - 1) ]r + 1 points at distance i from P. 
PROOF. The result is true fori= 1 (see 2.B.1(f) and 2.B.2). 
We shall use induction on i. Assume i > 1, and let P, A1 , ••• , A;, with A; ex be a 
minimal path from P to x. Since SA, is a pGo:, there is a plane, say yon A; and A;_ 11 
meeting x in a line. By induction, in y there are at least a+ 2(i- 2) lines on A;_ 1 
consisting of points all at distance i- 1 from P. We denote by e the set of these lines, 
by X the set of points -:f=A;_ 1 on these lines, and by A the set of lines on A;, containing 
points of X. Counting in two ways the points of X we obtain 
[a+2(i-2)]r= 2: llnXI. (1) 
leA 
Obviously, every lEA has r points different from A;; hence 11 n XI:::;;; r so that (1) 
implies IAI:;?!: a+ 2(i- 2). Let C be the union of A and the line A;A;_1 • Clearly, 
ICI:;?!: a+ 2(i - 2) + 1. 
In SA, the planes x and y give two 'lines' of a pGo: meeting in a 'point'; hence 
considering the projection IC'I of C onto the 'line' x (see 2.A.4, 2.A.5), we obtain at 
least a+ 2(i- 1) lines of x on A;, all coplanar with lines of C and therefore collinear 
with points of rP.i-l· All these lines consist of points in rP.i• since they are collinear 
with points of rP.i-l· Furthermore, all these lines are contained in the plane x, which 
has distance i from P. This proves the statement. D 
REMARK. 3.2. The points of rP.i n X and the lines of X consisting of points all in 
rP.i form a partial subspace of x, say 4>~(x) (compare with the remarks following 2.B.1 
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and 2.B.3). However, this is not necessarily a linear subspace of x when Y is triangular 
and i > 1. In the triangular case, if d(P, x) = 1 then cP~(x) is a linear subspace so that 
the lines of x on a point of rP,2 are exactly ar + 1. From this, by induction we deduce 
the following improvement of Lemma 3.1. 
LEMMA 3. 3. If Y is triangular and a ;:;. 2, given a point P and a plane x with 
d(P,x)=i;a.2, on every point A;ETp,;nx we have (at least) ar+2(i-1) lines 
consisting of points all in rP.i· Hence we have at least [ar + 2(i -1)]r + 1 points on x at 
distance i from P. 
Next we prove a lemma similar to 3.1, and involving the index ({J of the geometry. 
LEMMA 3.4. If a;:;. 2, given a point P and a plane x with d(P, x) = i;:;. 2, on every 
point A; E rP.i n x we have (at least) [( ({J + (i- 2)(r + 1))/r] + 1/ines consisting of points 
all in rP,i· Hence we have at least ({J + (i- 1)(r + 1) points on x at distance i from P. 
PROOF. Let i = 2, and let y be a plane with d(P, y) = 1 such that x n y is a line on a 
point A2 E rP,2 n X. We denote by A the set of lines of y on A2 containing points of 
rP.t· With an argument similar to the argument used in the proof of Lemma 3.1, it is 
not difficult to deduce IAI;:;. qJ/r. Using Lemma 2.A.4 in the residue YA 2 (see the proof 
of 3.1), we obtain that there are at least qJ/r + 1lines of x on A2 consisting of points all 
in rP.2· By induction, statement follows easily. D 
REMARK. 3.5. When r = 1, Lemma 2.B.2 implies ({J;:;. a+ 1; hence Lemma 3.1 
follows from Lemma 3.2. When r > 1 we cannot say that Lemma 3.2 and 2.B.2 imply 
Lemma 3.1. 




[rs- 2({JJ d2 = d2(r, s, ({J) = + 4, 
r+1 
[rs- ({JJ d4 =d4(r,s, ((J)= -- -r+4. r+1 
PROOF. Let P and Q be two points at distance Ll, and consider a minimal path 
p = Ao, ... 'A.:i-1> A;1 = Q, so that A; is collinear with A;-v and A; E rP,i n rQ,<i-i 
(i = 0, ... ' Ll- 1). 
Assume L1 > 2 and fix a plane x through A;1_2 and A;1_ 1• Clearly, d(x, P) = Ll- 2, 
d(x, Q) = 1. Hence (see Lemma 3.1), there are at least [a+ 2(L1- 3)]r + 1 points of 
rP,.:i-2 on x and at least ar + 1 points of rQ.t· Since r(s + 1) + 1 is the size of a plane, 
we deduce 
[a+ 2(L1- 3)]r + 1 + ar + 1,;;; r(s + 1) + 1, 
which yields L1,;;; d1 . 
With the same argument, using Lemma 3.4 instead of 3.1, we deduce L1,;;; d2• 
Let x be a plane on A;1_2 and A.:1-t· By Lemma 3.1 there are on A 2 at least 
a+ 2(L1- 3) lines of x all consisting of points of rP,.:i-2. We choose a line 1 of x on 
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A.1-t consisting of points all in rQ.t (there are at least a such lines). The r + 1 lines 
joining A .1-z with the points of I are all distinct from the above-mentioned 
a+ 2(.1- 3) lines on A.1-z· Since the lines of x on A.1-z ares+ 1 we deduce L1:,;;; d3 • 
With a similar argument, using Lemma 3.4 we obtain L1:,;;; d4 • 
If d = min1<;<4 d;:,;;; 2, we cannot have L1;;:.: 3 (since otherwise L1:,;;; d:,;;; 2, which 
contradicts L1;;:.: 3). Hence d:,;;; 2 implies L1:,;;; 2, which completes the proof. D 
CoROLLARY 3. 7. Let Y be an LpGa(r, s, t) with index q; and a;;:.: 2. If either a> s /2 
or 
{
r(s + 1) + 1 } q; >min 
2 
,rs- r2 + 1 , 
then L1 :,;;;2. 
PRooF. If min{dv d2 , d3 , d4 } < 3, then L1:,;;; 2, by Theorem 3.4. Clearly, d1 < 3 
iff a >s/2, while d3 < 3 iff q; > (r(s + 1) + 1)/2. Since from d4 < 3 we obtain q; > rs-
r2 + 1, the last condition a> rs- r which is equivalent to d2 < 3 can be omitted 
because q; ;;:.: ar + 1. D 
REMARK. 3.8. Comparing the bounds d;, 1:,;;; i:,;;; 4, it is immediate to see that 
d3 :,;;; d1 iff a:,;;; r, while d4 :,;;; d2 iff q; :,;;; r(r + 1 ). Similarly, by elementary counting, it is 
possible to compare all the bounds. 
If Y is triangular, since a> r, using Lemma 3.3 we obtain with the same arguments 
as in the proof of Theorem 3.6 the following result. 
THEOREM 3.9. The diameter L1 of a triangular LpGa(r, s, t) with a;;:.: 2 satisfies 
{ [s - ar - a+ 1 1 J } L1 :,;;; max 2, 2 - 2r + 3 . 
From now on, eP.i will denote the set of lines in Y at distance i from P. By abuse of 
notation, we shall use the same symbol, say x, to denote a plane x or the set of its 
points or the set of its lines, the meaning being clear from the context. 
Now we give a bound for L1 which also depends on t. 





t(s + 1) + 4(s- a)] 
d5 = d 5(s, t, a)= 4(t + 1) -a+ 4, 
d = d (r s t a ) = [r(t(s + 1) + 4(s + t + 1- a))_ 2q; J + 4_ 6 6 
' ' ' ' q; 2(r + 1)(t + 1) r + 1 
PROOF. Suppose L1;;:.: 4. Let P and Q be points at maximal distance and choose a 
point A in rP.i n rQ.L1-i· 
Diameter bounds for LpGs 303 
For every plane X containing A we consider the sets X n eP,i-1 and X n eQ,.1-i-b 
and we denote by m1 and m2 respectively the numbers 
m1 =max IX n EJP,i-11, 
X3A 
Let m = max{mv m2 }. 
mz =max lx n eQ,.1-i-11· 
X3A 
If m = mv andy is a plane satisfying IY n eP,;-11 = m = mv on the 'line' y of SA we 
have m 'points', say bv ... , bm corresponding to lines of Y, with d(P, bj) = i -1 and 
so d(Q, bi) ~ ..1- i + 1. We note that a 'point' c of SA, corresponding to a line of 
E>Q,<1-i-t. cannot be collinear with such a bi. Hence, if K is the set of 'points' in SA 
corresponding to lines of E>Q,<1-i-t. then the 'points' of K are necessarily on some of 
the t(s + 1 - m) 'lines' of SA meeting y in its s + 1 - m 'points' different from the bis. 
By definition of m2 ,;; m = m1, on every such 'line' we have at most m 'points' of K, 
each collinear with a 'points' of y different from the bis. Therefore, the size k of K 
satisfies 
tm 
k = IKI ,;; (s + 1 - m)-. 
a' 
(4) 
Now a plane X on A E rQ,.1-i is either at distance ..1- i from Q (and then does not 
contain any line of eQ,.1-;-1) or at distance ..1- i -1 from Q (and then there are on x 
at least [a+ 2(..1- i- 2)]r + 1 points of rQ,.1-i-t. by Lemma 3.1). This implies that on 
x there are at least a+ 2(..1- i- 2) + 1lines through A of E>Q,.1-;-1. 
Applying to the subset K of EtA our Proposition 2.A.2 with n = a+ 2..1 - 2i - 3 we 
have, by (4), 
(s + 1-m)tm ~(s + 1)[(a-+2..1-2i -3)(t+ 1)- (s +t+ 1- a)]. (5) 
If m = m2 , interchanging P and Q interchanges i and ..1 - i, so that 
(s + 1-m)tm ~(s + 1)[(a-+2i -3)(t+ 1)- (s +t+ 1- a)]. (6) 
If ..1 is even, writing i = ..1/2 in (5) or (6) we obtain 
tm2 - t(s + 1)m + (s + 1)[(a- + ..1- 3)(t + 1)- (s + t + 1- a)],;; 0, 
which has solutions in m iff 
t2(s + 1)2 - 4t(s + 1)[(a-+ ..1- 3)(t + 1)- (s + t + 1- a)] ~0. 
From this it is easy to deduce that 
,::: d _ [t(s + 1) + 4(s- a)] _ ..1~ s- 4(t+1) a-+ 4. (7) 
If ..1 is odd, we set i = (..1 + 1)/2 and we consider the following two cases. (In both 
cases we shall obtain for ..1 an inequality which is better than (7), so that also when ..1 is 
odd (7) will hold.) 
Case (a). If the maximum m is reached on a plane x with d(Q, x) = ..1- i- 1 = 
(..1- 3)/2, inequality (6) implies 
tm2 - t(s + 1)m + (s + 1)[(a-+ ..1- 2)(t + 1)- (s + t + 1- a)] ,;;o, 
which has solutions in m iff 
..1,;; t(s + 1) + 4(s- a)_ _ d _ 
4(t+1) a-+ 3 - 5 1. 
Clearly, (8) gives for ..1 a better bound than (7). 
(8) 
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Case (b). If the maximum m is not reached on a plane at distance (..:1- 3)/2 from Q, 
using (5) we would obtain a bound worse than (7). In this case, for every plane x with 
d(Q, x) = ..:1- i- 1 = (..:1- 3)/2, we have 
(9) 
and, furthermore, there is a plane y on A with d(P, y) = i -1 = (..:1-1)/2 satisfying 
IY n eP,(-<1-1)/21 = m. 
As before, we call b; (j = 1, ... , m) the m lines on the plane y, with d(P, b;) = 
(..:1- 1)/2. In the residue YA of A the 'points' of the above-defined set K (i.e. the 
'points' of YA corresponding to lines of Y at distance (..:1- 3)/2 from Q) are necessarily 
on one of the t(s + 1 - m) 'lines' of YA meeting y in its s + 1 - m 'points' different from 
the b;s. Since on every such line there are at most m- 1 'points' of K (see (9)) we 
obtain 
k:,;;; (s + 1- m)t(m- 1). 
a 
Applying to K Proposition 2.A.2 with n =a+ 2[(..:1- 3)/2 -1] + 1 =a+ ..:1- 4, we 
obtain 
(s +1-m )t(m -1) ;3 (s + 1)[( a+ ..:1- 4)(t + 1)- (s + t + 1- a)]. 
Solving with respect to m yields the following bound for ..:1: 
t(s + 2f + 4(s + 1)(s + 1- a) 
,1:,;;; -a+4 
4(s + 1)(t + 1) ' 
which is again better than (7). 
(10) 
Looking at (8) and (10) we also see that when ..:1 is odd we have for ..:1 the bound d 5 
given by (7). 
By the same argument, using Lemma 3.4 we obtain ..:1:,;;; d6 • 
Since ..:1 ;3 4 implies ..:1:,;;; a= min{ d5 , d6}, when a:,;;; 3 it cannot be that ..:1 ;3 4; thus 
a:,;;; 3 implies ..:1:,;;; 3. 0 
CoROLLARY 3.11. If in an LpG"'(r, s, t) with a ;3 2 we have a> [s(t + 4) + t]/4(t + 
2), then ..:1:,;;; 3. 
PROOF. If ..:1 > 3, then [t(s + 1) + 4(s- a)]/4(t + 1)- a+ 4 ;3 4, by Theorem 3.10; 
hence the statement. 0 
REMARK. 3.12. Using inequality cp ;3 ar + 1, the above bounds d2 , d4 and d6 yield 
other bounds which are not better than d 11 d3 and d5 , respectively. 
When 1 <a:,;;; r, using inequality (2) of Lemma 2.B.4, we obtain bounds improving 
d 11 d 3 and d5 for suitable values of r, s, t and a. 
We conclude by stating the results for the case a= 1 of locally generalized 
quadrangles. 
THEOREM 3.13. The diameter ..:1 of a locally generalized quadrangle of order (r, s, t) 
(i.e. an LpG1(r, s, t)) satisfies 
..:1:,;;; max{2, min{dL d2, d3} }, 
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where 
d} = r(s + 1)- 2cp + 4, d~=s -r +2, d~ = rs - r 2 - cp + 3, 
and 
..1 ~ max{3, min{d~, d5} }, 
where 
d' = t(s + 1) + 4(s- 1) + 2 4 2(t+1) ' 
d' _ r[t(s + 1) + 4(s + t)] 
5- 2(t+1) -2cp+4. 
PROOF. It is not difficult to obtain this proof with the same techniques as used 
above. One has only to imitate the arguments given in [10] for the case r = 1 of 
extended generalized quadrangles, also considering the bound ..1 ~ s - r + 2 given by 
Pasini in [20] for LGQ = LpG1 geometries. Therefore we leave it to the reader. D 
4. DIAMETERS OF EXTENDED PARTIAL GEOMETRIES 
In this section we consider the results obtained in Section 3, in the particular case 





For the bounds d; (i = 1, ... , 6) of Theorems 3.6 and 3.10, when r = 1 we have 
d _ d ( ) _ [t(s + 1) + 4(s- a)]_ 4 5
- 5 s, t, a - 4(t + 1) a+ ' 
[
t(s + 1) + 4(s- a)] 
d6 =d6(s,t,a,cp)= 4(t+ 1) -cp+S. 
When r = 1 we know that cp ;;;:. a + 1. Hence 
min{dv d2, d3 , d4} = d2, 
which yields the following result. 
THEOREM 4.1. The diameter ..1 of an EpGa(s, t) with index cp and a;;;:. 2 satisfies 
..1 ~ <'>(s, cp) =max{ 2, [i]- cp + 4} 
and 
{ [t(s + 1) + 4(s- a)] } ..1~<'>'(s,t, a, cp)=max 3, 4(t+ 1) -cp+S · 
(1) 
(2) 
306 A. Del Fra and D. Ghinel/i 
As an immediate consequence of Corollaries 3.7 and 3.11 we deduce the following: 
CoROLLARY 4.2. Let[/ be an EpGa(s, t) with index cp and a-~2. Then 
s+2 
cp>-- ~..1~2 2 
and 
> t(s + 1) + 4(s- a-)+ 1 ~ ..1 ~ 3_ ({J 4(t + 1) 
The bounds d1 and d5 are worth stating anyway, since they do not depend on the 
index cp of the geometry; namely, 
..1 ~max{ 2, [~]-a-+ 3 }. (3) 
{ [
t(s + 1) + 4(s- a-)] 4 
..1 ~max 3, 4(t + 1) - a-+ . (4) 
Furthermore, a-> s /2 implies ..1 ~ 2, while 
s+1 s-1 
ll" > -4- + 2(t + 2) ~ ..1 ~ 3" 
REMARK. 4.3. We will now compare the two bounds <5(s, cp) and <5'(s, t, a-, cp) 
given by (1) and (2). If [s/2)- cp +4<3, and d6(s, t, a-, cp)~3, then (1) gives ..1~2, 
while from (2) we obtain ..1 ~ 3. If [s /2) - cp + 4 = 3 and d6(s, t, a-, cp) ~ 3, inequalities (1) and (2) both imply ..1 ~ 3, and so either (1) and (2) give the same result, or (1) is 
better than (2). Therefore, (2) can be strictly better than (1) only when [s/2)- cp + 4~ 
4, and we may assume, without loss of generality, that 
cp ~ [s/2). 
Since cp ~a-+ 1, this gives 
a-~ [s/2)- 1. 
Furthermore, from a- ;;a. 2 we deduce cp ;;a. a-+ 1 ;;a. 3 and so [s/2] ;;a. 3, which yields s ;;a. 6. 
It is now elementary to verify that <5' is strictly better than <5 (i.e. d6(s, t, a-, cp) < [s/2]- cp + 4) when 
2(s - 2a- + 2) 
t> ' s-5 ifs is even, 
9 
2(s - 2a- + 3) 
s;;:. ' t> ' s-7 ifs is odd 
(note that when s = 7 we have d6(s, t, a-, cp) ;;a. [s/2)- cp + 4). 
The above elementary remark is the starting point for the characterization of EpGa 
with maximum diameter given in [8), and already mentioned in the introduction. 
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